Abstract. We consider continuous media in which contact edge forces are present. Introducing the notion of quasi-balanced contact force distribution, we are able to prove the conjectures by Noll and Virga [1] concerning the representation of contact edge forces. We generalize the Hamel-Noll theorem on the Cauchy postulate. Then we adapt the celebrated tetrahedron construction of Cauchy in order to obtain a representation theorem for stress states. In fact, we show that two stress tensors of order two and three are necessary for such a representation. Moreover we find the relationship between the notion of interstitial working introduced by Dunn and Serrin [2] and the notion of contact edge force.
Introduction
A crucial concept in continuum mechanics is that of stress. Engineers working in strength of materials have used this concept so frequently that it has become as intuitive as the notion of force. However, its introduction was not trivial, being based on some fundamental assumptions whose weakening raises interesting problems. In this paper we address the case in which contact force interactions are represented not only by a surface density, but also by a line density defined on the edges of the contact surface (if any).
Stress tensor and contact force are interrelated notions. Cauchy postulated (cf.
[3], [5] ) that the contact force exerted on a body can be represented by a surface density of force localized on the contact surface depending only on the normal (and the position). Then he showed, using a family of tetrahedrons with vanishing size, that balance of force implies a linear dependence of the surface density of contact force on the normal to the contact surface. The stress tensor is a representation of this linear function.
Noll [6] proved the Cauchy postulate assuming that (i) the contact force is absolutely continuous with respect to the Hausdorff bidimensional measure defined on Cauchy cuts; (ii) there is an upper bound for the norm of the surface density of contact force when it is regarded as a function defined in the set of the shapes of Cauchy cuts.
In this paper we propose a proof of Cauchy postulate (Theorem 4) valid without the a priori assumption that the contact force density is bounded independently of the shape of the contact surface. Our weaker assumptions -in particular -allow for the linear dependence of surface density of contact forces on the local mean curvature of Cauchy cuts. In [1] Noll and Virga announced this generalization, citing a forthcoming paper which we could not find in the literature.
The results of Cauchy and Noll strongly depend on the implicit assumption of vanishing contact edge forces. Noll and Virga in [1] developed a theory in which general edge contact interactions are considered. Here we limit ourselves to interactions between a body and its exterior (for a discussion of the more general case see [7] ). Moreover we only consider relatively regular contact surfaces (see Section 2).
Noll and Virga in their paper [1] declare: 'It would be desirable to derive [Assumptions I to IV] from other assumptions that have more transparent and natural physical interpretations'. Here we face this difficulty by considering the power expended by contact forces. The theorem of kinetic energy states that the power of contact forces is balanced by the sum of the stress power, the power of inertial forces and the power of external body forces [3] . It is physically reasonable to assume that these three quantities are volume-continuous. Therefore, we assume that the power P c U expended by the distribution of contact force on any C 1 velocity field U is quasi-balanced: then there exists a scalar K U such that, for any admissible domain (see Definition 0 in Section 2) V , the inequality P c U (V ) < K U j V j holds, jV j denoting the volume of V .
The problem is now to determine a correct expression for the stress power. We first show that it cannot simply equal the sum of the powers of surface and edge force. Then we show that the edge force can only be in conjunction with a supplementary supply of mechanical energy. This supply corresponds to the 'interstitial working' introduced by Dunn and Serrin [2], [8] . In the literature it is recognised that a proper modelling of some media requires the introduction of such a supply: this is the case, for instance, of Cahn-Hilliard fluids [9], [10] . However, the hypothesis made by Dunn and Serrin [2] that this energy supply can be represented as a flux is nowhere justified, to our knowledge. As far as we know, the close relationship between interstitial working and edge force was not yet pointed out. In this paper, we prove that nonzero contact edge forces require an interstitial energy flux; we also give the most general form of interstitial working compatible with zero edge forces.
Instead of introducing the notion of interstitial working from the beginning, we prefer to describe contact interactions in terms of force distributions which are not necessarily measures. This approach, which is close to the one by Dunn and Serrin, seems to have the following advantages:
(i) we do not assume a priori that the supplementary energy supply is a flux; (ii) the linear dependence of the supplementary energy supply on the velocity field is for us a basic assumption (for a discussion about this dependence, refer to [8]), so that the mechanical nature of the interstitial working is clearly understood; (iii) the nature of boundary conditions gets clearer [11] [12].
Contact force distributions may be interpreted as an asymptotic limit of nonlocal shortrange forces. In general this limit is a distribution (in the sense of Schwartz), whose support is contained in the contact surface and whose order may be greater than zero. We give a trivial example of such an asymptotic analysis in sub-section 4.1. Note that the introduction of force distributions of order greater than zero is not new in continuum mechanics: e.g., the brothers
